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Local wave grouping in a parameter-gradient system and its formation mechanism
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In a ferroin-catalyzed Belousov-Zhabotinsky (BZ) reaction-diffusion system with reagent concentration
gradients, we observed in the experiment a type of spirals with local waves forming groups. Here, we propose
an interpretation of the wave grouping phenomenon. The wave grouping mechanism can be well explained in
terms of the cooperation of the excitability gradient and the Doppler effect induced by spiral tip’s meandering.
In the simulation based on three-dimensional reaction-diffusion system using Oregonator model, spiral patterns
analogous to the experiment observation are well reproduced when the parameter gradient in the z direction is

introduced.
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I. INTRODUCTION

Pattern formation has been studied in many experimental
systems [1]. Early experiments include chemical [2—4], bio-
logical [5], fluid systems [1,6], which are well designed to
meet certain pattern formation conditions. For chemical re-
actions, to keep the system far from equilibrium, refresh of
the reagents is necessary. The spatial open reactor designed
first in Swinney’s group [7], has been widely used to system-
atically study pattern formation in reaction-diffusion sys-
tems. Though the pattern formation in such an system is
complex, some simple and effective explanations have been
achieved, such as the one-dimensional (1D) or 2D mecha-
nisms on Doppler instability [8] and long-wavelength insta-
bility [9] of spiral waves.

In our recent experiment on spirals in a ferroin-catalyzed
BZ reaction-diffusion in a spatial open reactor, we found a
type of meandering spiral, which demonstrated local wave
grouping, i.e., local dense waves group in twos, and sparse
waves hold equal spacings [10]. To understand the unusual
wave interaction in this phenomenon, we gave our first ten-
tative explanation based on a hypothesis about the system’s
reaction dynamics. It assumed that the unusual wave interac-
tion is caused by oscillatory dispersion, and omitted the in-
fluence on the wave propagation in the thickness direction.
Our simulation results showed that in the cooperation of the
Doppler effect and the oscillatory dispersion relation, local
wave grouping could happen [10]. However, for the Orego-
nator model that we used to simulate the BZ reaction, a
system with an oscillatory dispersion relation is rarely found
to support meandering spiral, which is necessary to induce
the Doppler effect. Thus we suspect that the wave interaction
might not be 2D, but a 3D one. Some 3D mechanisms might
induce spiral meandering and complex wave interaction si-
multaneously. In this paper, we discuss this character of the
spiral waves, and give an explanation in terms of 3D wave
interaction.
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II. EXPERIMENT

We conduct our experiments in the ferroin-catalyzed BZ
reaction in an open spatial reactor, as described in Ref. [11].
A thin porous glass disk, 0.4-mm thick and 25.4 mm in di-
ameter (Vycor glass 7930, Corning), is served as the
reaction-diffusion medium. Two continuously fed stirred res-
ervoirs sandwich the glass disk; in each reservoir the reac-
tants are maintained homogenous by a permanent feeding of
fresh reactants. In our arrangement, the catalyst ferroin and
malonic acid (MA) are separated in different reservoirs. In
the following, we label the reservoir containing MA as res-
ervoir A, and the other as reservoir B. Thus the catalyst con-
centration in the glass increases in going from reservoir A to
reservoir B, while the MA concentration decreases in going
from reservoir A to reservoir B. Thus strictly speaking, the
pattern formed in the media should have 3D structures, and
the images observed on the media surface are just the plan
views of the oblique 3D structures [12]. The measurement in
the experiments is a series of snapshot pictures taken by a
CCD camera. The gray level of image corresponds to the
light transmission in 3D chemical patterns in the glass disk
through the z direction, which is positively correlated with
the quantity of the oxidized catalyst ferriin. So that the image
we observe is a projection of the patterns in the x-y plane.

In such an experimental system, without any external
force meandering spirals spontaneously appear in a large
range of parameters. A common meandering spiral is shown
in Fig. 1(a), whose wavelength varies gradually in space be-
cause of the Doppler effect induced by the movement of the
spiral tip, and the gradual variation of wavelength can con-
struct a spiral-like superstructure [13]. Under certain condi-
tions, dense waves with small spacing may form fine struc-
tures, with every two or three waves coming into group, the
wave spacings change alternatively in space. An example of
such a pattern is shown in Fig. 1(b). Commonly, if the spiral
is meandering, the grouping occurs in the direction it drifts
to, and in the opposite direction the waves are almost iden-
tical. But there are still some cases where wave grouping
occurs in all directions. This happens when the spiral wave-
length is small, and the spiral tip meanders just slightly or
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FIG. 1. Spiral waves with different fine structures. (a) A mean-
dering spiral. [MA]]=0.6 M, [H,S0,]5=0.4 M, and [NaBrO;]}
=02 M. (b) A meandering spiral with wave grouping. [MAJ]
=1.2 M, [H,S0,4]5=0.6 M, and [NaBrO;]5=0.23 M. (c) A simple
spiral with slightly wave grouping. [MAJ3=1.2M, [H,SO45
=0.8 M, and [NaBrO;]6=0.2 M. Other reactants are the same:
[KBr}2=0.03 M, [NaBrO3]/3=O.2 M, [ferroin]§=1.0 mM. Each im-
age is 11.3% 11.3 mm?. White arrows point out the wave grouping.

almost does not meanders. Figure 1(c) gives an example of
such a case.

Series of experiments are conducted to explore the influ-
ence of some reagent concentrations on the spiral behavior.
In each series of experiment, [MAJ] is varied while
[H,S0,]§ is kept fixed. Then we change [H,SO,]5 and repeat
the experiments. The other conditions are kept fixed in all
experiments. When [H,SO,]§ is low, spiral wavelength is
large and wave speed is slow. Spiral tips will always mean-
der in these cases, but the waves will not group. When
[H,SO,]§ is high, spiral wavelength becomes small and
wave speed becomes fast. Spiral tips tend to simply rotate in
a small cycle; the waves will neither group under these con-
ditions. Only when [H,SO,4J5 is at middle level, the waves
may group with high enough [MA]], and the grouping be-
come more obvious with the increase of [MA]Q. The influ-
ence of [NaBrO3]g on the grouping is analogous to that of
[H,S0,]5. The grouping will not occur when [NaBrO;]§ is
high or low; it can only occur at a small range of [NaBrO;]§
at middle level. The transition from wave grouping to no
grouping (or vice versa) is gradual as a function of [st04]§
or [NaBrO3]g , accompanied with the change of the spiral’s
properties, such as the wavelength, the wave speed and the
rotation style.

To get more information on the wave grouping phenom-
ena, we carefully monitor the state of the spiral tip. Fig. 2(a)
and 2(b) present two snapshots corresponding, respectively,
to the same phase of the tip rotation in two adjacent periods.

' o

FIG. 2. Snapshots of the state of spiral tip in two adjacent peri-
ods. (a) t=0. (b) t=7 s. The flowerlike white line in (a) shows the
trajectory of the tip. The experimental condition is the same as in
Fig. 1(b). Each image is 1.9 X 1.9 mm?.
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One observes that at the moment of Fig. 2(a), the first down-
wards wave following the tip is relatively thin, and the sec-
ond one [labeled by the arrow in Fig. 2(a)] is thicker. After
one period of spiral rotation [Fig. 2(b)], the newly emitted
first downwards wave becomes thick, and the second and the
third one, i.e., the first and the second one a period before
still keeps thin or thick [labeled by the arrow in Fig. 2(b)]. In
contrast, the upwards waves all develop into thick ones im-
mediately after emitted, with no obvious differences in thick-
ness. Thus, the wave grouping should be originated from the
spiral tip.

III. SIMULATION

We use two-variable Oregonator model to simulate the
corresponding reaction-diffusion system. Considering that
there are reagent concentration gradients in the system, the
important control parameters are the concentrations of
NaBrOj; and MA, which are reserved in the model [14]:

e u(A —u) + fBv +D,Vu,
Jv
E:Au—Bv +DUV20. (1)

The variables u and v in Eq. (1) represent the concentration
of HBrO, and that of oxidized catalyst ferriin, respectively;
A and B represent [NaBrO;] and [MA], respectively; € and ¢
are constants determined by the reaction rate constants, and f
is a stoichiometric coefficient. According to Ref. [15], we set
£=0.01, and g=2X 107*. The value of f is related to A and
B. Since the dependence of f on A and B is still not very
clear, we leave f as an independent variable. D, and D, are
diffusion coefficients of « and v variables, respectively. With
choosing a time unit (TU)=1s, and a spatial unit (SU)
=0.29 cm, and considering the difference of the molecular
weights of HBrO, and ferriin [16], we set D,=5
X 107> SU?/TU [17] and D,=3 % 107> SU?/TU.

A 400X 400 X 30 or 800 X 800 X 30 grids simulation area
is used with no-flux boundary. The Laplacian is calculated
with 19-point approximation [18]. Spatial step 4 is 0.01 SU;
time step drf is 0.01 TU. To simulate the real concentration
gradients, parameters are kept invariant in the x and y direc-
tion, while A, B, f vary linearly in the z direction. In the
following, we use A;, B,, f; to represent parameters of the
lowermost layer, and A,, B,, f, to represent those of the
uppermost layer.

In such a 3D system with parameter gradients, many
kinds of 3D spiral conformation can be observed. With some
parameters, meandering spirals with wave grouping will
emerge. A typical example of such a pattern is shown in Fig.
3. It demonstrates the projection of v variable (superposition
of v in all layers) in the x-y plane, reminiscent of the image
observed in experiment. The pattern in Fig. 3 bears many
similarities with the experimental result of Fig. 1(b). In the
drifting direction of the spiral tip (from low-right to up-left),
the waves are compressed and group in twos. The two waves
in the same group are different in shape: one wave is thin,
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FIG. 3. Patterns simulated with the Oregonator model of Eq. (1).
(a) Distribution of superposition of v variable of all layers in the x-
y plane. The area size is 8.00 X 8.00 SU2. (b) The section plane
along the white line in (a). The area size is 10.40 X 0.30 SU2. (c),
(d) snapshots of the state of spiral tip in two adjacent periods [the
drift direction of spiral tip is different from that of (a)]. The flow-
erlike white line in (c) shows the trajectory of the tip. The area size
is 2.40X2.40 SU2. Parameters are A;=0.038, B,=0.32, f,=3.50,
A,=0.060, B,=0.50, f,=3.00.

and another is thick. While in the opposite direction the
waves travel in an equally spaced sequence, all identical in
shape. The wave grouping in the left upward direction
emerges from near the tip, as in the experiment [Figs. 3(c)
and 3(d)].

To reveal the underlying formation mechanism of the
wave grouping, we also monitor the waves in the section
plane. Figure 3(b) present a special section plane that across
the spiral tip along the white line in Fig. 3(a). The gray level
in the figure is proportional to the v variable. One observes
that crescent-shaped waves are generated from the spiral
“tip” (labeled by arrow) and propagate outwards. The shape
of the waves is very similar to pinwheel waves that were
observed in the earlier experimental reports [19-22]. On the
left side of the tip, waves are dense and their tails become
shorter for every other waves. We thus observe an alternation
of long-tail and short-tail waves. On the right side, waves are
sparse and their tails all can touch the bottom. Obviously, in
this case the difference in the shape of crescent waves causes
the difference in the z projection of waves present in Fig.
3(a).

The shortening of some wave tails in the dense waves can
be understood by considering the excitability of the media in
the z direction. In our simulation, every layer along z direc-
tion has a different excitability. Figure 4 gives the lowest
period T,;, of 1D waves calculated under the local parameter
condition of every layer. The excitability of the system is
reversely related to T;,; a smaller 7,;, means a larger excit-
ability of the system, because when the excitation period is
smaller that 7, the system is not excitable thus cannot
support traveling waves any more. One observes in Fig. 4
that T,;, increases from top to bottom, suggesting the excit-
ability in the top part of the system is larger than that in the
bottom part. Although the diffusive coupling in the z direc-
tion may influence the wave propagation, the tendency of
excitability distribution in the gradient direction should
qualitatively coincide with that shown in Fig. 4. Thus, if the
source period is smaller than the T, of those middle and
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FIG. 4. The minimal period T}, of 1D wave train under the
local parameter condition of layer k (numbered from bottom to top).
Parameters are the same as in Fig. 3.

bottom layers, those layers could not support every wave
emitted by the source. They can only support a more sparse
wave train, like one of every two or more waves emitted
from the source. This explains why some wave tails disap-
pear in the middle of the system, resulting in an apparent
wavelength or period multiplication in the projection image,
as shown in the left part of Fig. 3(b).

When the spiral tip has a proper rotation period and a
proper traveling speed, the Doppler effect may cause the
effective period of wave source different beyond and behind
the source movement. Together with the excitability differ-
ence explained above, this effect can cause the local wave
grouping. In the instance of Fig. 3, the period (T,) of the
wave source at the spiral tip is 16.76 TU, and the drift speed
(V) is 0.00424 SU/TU. According to the Doppler principle,
the speeds and periods of forward and backward waves
should satisfy the following equations:

V, Vi
T = 1+7 T,, T,= 1—v— Ty, (2)

+

where V_ and V, are, respectively, the speeds of the waves
behind and in front of the tip and 7_ and T, are correspond-
ing periods. Figure 5 gives the 2D crescent wave dispersion
relation of the period T and speed V, where the curves T,(V.,)
and T_(V_) are calculated using Egs. (2). The local periods
T_ and T, are determined by the intersections of the curves.
We see that in front of the tip, the period T, (reads 13.6 TU)
is smaller than the low limit period (T,,;,) of those middle
and bottom layers (see Fig. 4), so that not every waves can
extend to the middle and the bottom parts of the system.
These parts of the system can support only double period
2T, (27.2 TU) under the given conditions. As a result, the
waves exhibit structures of grouping of every two waves.
This explains wave grouping behavior observed in the ex-
periments [Fig. 1(b)] and the simulations (Fig. 3). On the
other hand behind the tip, the period of waves T_ (reads 19.6
TU) is large enough to be supported by almost all layers, and
waves can hold good single periodicity.
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FIG. 5. Dispersion relation of the 2D crescent wave. The dashed
and dotted lines are the velocity-period curves in front of and be-
hind the tip of the spiral shown in Fig. 3(a), predicted by Eq. (2).

To explain how the wave grouping phenomenon appears
and disappears as a function of control parameters, we scan
the parameters space around the condition of Fig. 3. Every
time we only change one parameter through the typical pa-
rameter set. Simulation indicates that with change of a pa-
rameter, the spiral state can experience a change from simply
rotation to meandering and then to simply rotation. In the
regime of meandering spiral, if the local period of the wave
source is smaller than the maximal 7T, in the system, wave
grouping will take place. With some parameters, wavelength
doubling can occur not only in meandering spirals but also in
simply rotating spirals, which means waves “grouping” in all
directions and thus line defects are inevitable. We thus sug-
gest that line defects cannot only appear in a 2D reaction-
diffusion system with a chaotic reaction kinetics as predicted
in Refs. [23-26] and experimentally realized in Refs.
[27-30], it can also happens in a 3D system with chemical
gradients in one dimension. Here we use the control param-
eter A; to demonstrate this effect. We compare the spiral
period T and the maximal 7,,,;, among all layers as a function
of A;. The result is shown in Fig. 6. When A, is low or high,
spiral period T is always bigger than the maximal 7,;,, so
that the wave train is uniform in the system. Only in a small

2r o —O— maximal T
0L among all layers
S st —e— spiral period T
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FIG. 6. The spiral period 7" and the maximal 7,,, among all
layers at different A;. Other parameters are the same as in Fig. 3.
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range of A; (0.03<<A;<0.06)T is smaller than the maximal
Tin- In these cases a portion of the system cannot support
traveling waves, resulting in breaking up of the uniformity of
the wave train and emerging of wave grouping patterns.

IV. CONCLUSION

Comparing the results of experiments and simulations, we
can deduct the following clues to explain the wave-grouping
phenomena observed in the experiments: First, a meandering
spiral with wave grouping can spontaneously occur in our
3D reaction-diffusion system. In contrast, in the correspond-
ing 2D Oregonator system with oscillating dispersion, no
spiral is found to meander. Second, wave grouping occurs
from near the spiral tip, and waves in grouping have different
shapes. These properties cannot be found in the aforemen-
tioned 2D system. In a 2D Oregonator system with oscillat-
ing dispersion, all excitable waves should have the same pro-
file, and the spacings between the waves are just determined
by the ripples of the recovery tail [27,31]. Thus even if
waves emitted from the tip do not have the stable period,
they can be excited temporarily with a similar unstable pro-
file, providing the excitation period is bigger than the period
of one exciting loop. In this case, the waves hold equal spac-
ing for several periods until the unstable spacings slowly
evolve to stable ones. In other words, the wave grouping
process should have a convective nature, which is not ob-
served in the experiments. Third, wave grouping goes in and
out gradually with the change of some control parameters on
the media surface. No bifurcation dynamics is identified dur-
ing the process both in the experiments and in the simula-
tions. This may reflect that the wave grouping is not a new
phase, but a kind of coincidence of several factors. These
factors include the leading spiral period T of the parameter
gradient system, the distribution of the T, among layers,
and the meandering property of the spiral. With these argu-
ments, we conclude that the 3D mechanism discussed in the
above section is the reason for the formation of wave-
grouping patterns observed in the experiments.

We also note some differences between the experiment
and the simulation. In the experiment, the system will even-
tually enter into spiral turbulence when [H,SO,] is high
enough, however, the simulation based on the two-variable
Oregonator model never demonstrates such spiral turbulence
in our practice. It seems that the spiral in the simulation is
much more stable than in the experiment. Another discor-
dance is the influence of [MA] on the pattern formation. In
the experiment, increasing [MA] can enhance the grouping
phenomenon, but does not influence the wavelength. In the
simulation, however, when B, is high, spiral wavelength will
increase remarkably, and waves will not group any more.
Only lowering B; will result in the more obvious wavelength
doubling. These two discordancies might be caused by the
simplification of the Oregonator model to the real ferroin-
catalyzed BZ chemical reaction, and the unknown compli-
cated relation between the stoichiometric coefficient f and A
or B.
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In conclusion, local wave grouping in our 3D BZ reaction
system should be the projection of some oblique 3D wave
structures caused by the reagent concentration gradients. The
observed alternation of thick wave and thin wave is in fact
the projection of long-tail wave and short-tail wave in the
vertical direction of the reaction medium. Simulation based
on the 3D hypothesis provides good proof for this mecha-
nism. The observed difference of wave shape in the group in
experiment can be well reproduced in simulation. We believe
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this work provide information to understand nonlinear waves
in 3D reaction-diffusion systems.
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